Our recent holographic entanglement negativity conjecture is applied to single subsystems in d-dimensional conformal field theories at finite temperatures dual to bulk AdS d+1 -Schwarzschild black holes. The holographic entanglement negativity is related to the holographic mutual information and characterizes the upper bound on the distillable entanglement though the elimination of the thermal contributions. This non trivial example provides extremely strong evidence towards the universality of the conjecture. *
Introduction
The last decade has witnessed remarkable progress in the understanding of entanglement in quantum information theory and has found applications in diverse areas of theoretical physics and other related disciplines from quantum phase transitions to quantum gravity. Typically for a pure state |ψ AB of a bipartite quantum system described by (A ∪ B) with a factorizable Hilbert space H = H A ⊗ H B , the quantum entanglement is characterized by the entanglement entropy. This is described by the von-Neumann entropy of the reduced density matrix ρ A = T r B (ρ A∪B ) of the subsystem A which may be easily computed for quantum systems with a finite number of degrees of freedom. On the other hand the issue the characterization of the entanglement for extended quantum many body systems with infinite number of degrees of freedom has proved to be extremely complex and often intractable. For (1 + 1)-dimensional conformal field theories however this issue is rendered tractable. As demonstrated by Calabrese and Cardy [1, 2] in a seminal contribution, the entanglement entropy for such a (1 + 1)-dimensional conformal field theory (CFT) may be obtained through the replica technique. This technique is based on the simple idea of computing the moments of the reduced density matrix T r(ρ n A ) with n being a non-negative integer or equivalently the Rényi entropy of order n which may be defined as
The quantity T r(ρ n A ) in this computation corresponds to the partition function of the subsystem A in the CF T 1+1 on a n-sheeted Riemann surface with branch points at the boundaries between the subsystems A and B [1] . Note that the corresponding von Neumann entropy may be obtained from the above expression for the Rényi entropy through the replica limit n → 1. Furthermore, the partition function for the subsystem on the n-sheeted Riemann surface may be recast in terms of the correlation functions of branch-point twist fields on the complex plane [1, 2] in this limit. The corresponding correlation functions of these twist fields may then be computed directly in the CF T 1+1 to obtain the entanglement entropy.
For mixed states the situation is however quite different where the entanglement entropy which is essentially a measure for pure state entanglement in bipartite systems ceases to be valid. In quantum information theory one refers to the process of purification involving a tripartition where the system being considered is embedded in a larger system in a pure state 1 . In a classic work Vidal and Werner [3] introduced a computable measure termed as the entanglement negativity which charaterizes the upper bound on the distillable entanglement for such a bipartite quantum system in a mixed state. This measure involves an operation of the partial transpose of the reduced density matrix over one of the subsystems of the bipartite system which is embedded in the tripartition referred above. In order to define entanglement negativity it is required to consider an extended quantum system which is divided into two parts A 1 and A 2 . If |q 1 i and |q 2 i represent the bases of Hilbert space corresponding to the subsystems A 1 and A 2 respectively, then the partial transpose with respect to the degrees of freedom of the subsystem A 2 is expressed as q
where, ρ A 1 ∪A 2 is the density matrix of the system (A = A 1 ∪ A 2 ). This leads to the definition of the entanglement negativity as E ≡ log T r | ρ
Observe that from the above equation, the entanglement negativity may be expressed as the logarithm over the sum of the absolute eigenvalues of the density matrix ρ
A . This may be written as follows
where λ i correspond to the eigenvalues of the density matrix ρ
A . The entanglement negativity exhibits certain important properties including those of non-convexity and monotonicity proved by Plenio in [4] .
Recently, the issue of obtaining the entanglement negativity for mixed statesin (1 + 1)-dimensional conformal field theories has received considerable attention. In [5] [6] [7] the authors have advanced a systematic procedure for this which involves the replica technique mentioned earlier, to compute the entanglement negativity by relating it to the appropriate correlation functions of the twist fields. Through this procedure, the authors were able to demonstrate that the entanglement negativity precisely characterizes the upper bound on the distillable entanglement.
In [8, 9] Ryu and Takayanagi conjectured a holographic prescription in the context of the AdS/CF T correspondence which leads to the entanglement entropy for d-dimensional holographic conformal field theories. This prescription for the entanglement entropy S A of a spatial region A (enclosed by the boundary ∂A) involves the area of the extremal surface (denoted by γ A ) extending into the (d + 1)-dimensional bulk and anchored on the subsystem A as follows
where,
is the gravitational constant of the bulk space time. Application of this holographic prescription to compute the entanglement entropy for various holographic CFTs at both zero and finite temperatures has yielded interesting insights [10] [11] [12] [13] [14] [15] [16] [17] [18] ( and references therein).
In the light of the above discussion the natural issue which arises is that of a holographic description for the entanglement negativity of mixed states in conformal field theories in the context of the AdS /CFT correspondence. In this context, in [19] the authors have computed the entanglement negativity of conformal field theories at zero temperatures dual to the bulk vacuum AdS spacetime in arbitrary dimensions. Furthermore in [20] the authors have conjectured a genralized holographic c-function which in the dual CFT might correspond to the mixed state entanglement measures such as the renormalized entanglement negativity.
Very recently we have conjectured an elegant holographic prescription for the entanglement negativity for a mixed state described by a single subsystem in a holographic CFT at a finite temperature [21] . Interestingly, the holographic entanglement negativity is directly related to the holographic mutual information in our conjecture. In the context of the AdS 3 /CF T 2 scenario involving a bulk Euclidean BTZ black hole, our holographic prescription exactly reproduces the universal part of the entanglement negativity for the finite temperature CFT 1 +1 described in [7] .
In this article we employ the conjecture proposed by us (CMS) in [21] to compute the holographic entanglement negativity of a mixed state described by a single subsystem in a CF T d at a finite temperature dual to a bulk AdS d+1 -Schwarzschild black hole. We observe that the holographic entanglement negativity characterizes the upper bound on the distillable entanglement of the mixed state in the CF T d at a finite temperature as expected. Evidently this constitutes extremely strong evidence in favour of the universality of our holographic conjecture. It is to be emphasized that this is a significant development which is expected to have wide ramifications in several diverse areas including condensed matter systems, topological phases and the black hole information loss paradox amongst other applications.
This article is organized as follows. In Section 2, we briefly describe the results in [7] for the entanglement negativity of a mixed state described by a single interval in a finite temperature CF T 1+1 which is reviewed in the Appendix. Subsequently in Section 3, we briefly describe our conjecture in the context of the AdS 3 /CF T 2 scenario [21] and its subsequent generalization to the AdS d+1 /CF T d . In Section 4, we employ this holographic conjecture to obtain the entanglement negativity of a single subsystem with a strip geometry in the finite temperature boundary CF T d dual to a AdS d+1 -Schwarzschild black hole. We demonstrate that this procedure characterizes the upper bound on the distillable entanglement for the relevant mixed state through the elimination of the thermal contributions. In the last section we provide a summary of our results and discuss future applications of our conjecture and its significance in diverse areas.
2 Entanglement entropy and entanglement negativity in CF T 1+1
In this section we begin by briefly reviewing the procedure for obtaining the entanglement entropy of mixed states in a finite temperature CF T 1+1 and discuss its inadequacy as an entanglement measure for such mixed states. Subsequently we briefly outline the results for the entanglement negativity of mixed states described by a single interval in a finite temperature CF T 1+1 which is reviewed in details in the Appendix.
Entanglement entropy
In general entanglement entropy is considered as a measure for quantum entanglement in a bipartite quantum system. Considering the subsystem A and it's complement A c of such an extended bipartite quantum system the entanglement entropy for the subsystem A is given as
where, ρ is the full density matrix and ρ A = T r A c (ρ) denotes the reduced density matrix for the subsystem-A and n → 1 is the replica limit. For a (1 + 1)-dimensional CFT the moments of the reduced density matrix T r(ρ n A ) are related to the partition function on a n-sheeted Riemann surface with branch points at the boundaries between regions A and A c [1] . Alternatively, the partition function on a n-sheeted Riemann surface may be recast as the two point function of the branch-point twist/anti-twist fields T n and T n on the complex plane with the following scaling dimensions
here, c is the central charge of the CFT. Hence following [1, 2] the general form for the quantity T rρ n A may be expressed as follows
where
indicates that the subsystem A has been divided into N disjoint intervals. For the case when N = 1 with the subsystem length |u−v| = , the eq.(8) reduces to the following
here, c n is some constant and a is the U V cut-off for the (1 + 1)-dimensional CFT. Using the expression for the entanglement entropy in eq.(6) along with the eq.(9) leads to the following result
The above result corresponds to the zero temperature entanglement entropy of a subsystem A with length in the (1 + 1)-dimensional CFT. For the corresponding result at finite temperatures it is required to evaluate the two point function in eq. (9) on a cylinder of circumference β = 1/T [1, 2] . The above procedure leads to the following expression for the finite temperature entanglement entropy of subsystem A as
Observe that from eq.(11) the large temperature limit leads to the purely thermal entropy indicating that the entanglement entropy receives contribution from both the classical ( thermal) and the quantum correlations at finite temperatures. A similar observation may also be made for the case of higher dimensional conformal field theories at finite temperatures dual to bulk AdS black holes in the context of the Ryu and Takayanagi conjecture [16, 18] . Notice that as mentioned earlier this is a generic issue for any quantum system in quantum information theory and renders the entanglement entropy unsuitable as an entanglement measure for mixed states. This naturally leads to the question of establishing appropriate measures to characterize the distillable quantum entanglement of a mixed state which in this case is described by a finite temperature CF T 1+1 . As indicated earlier the entanglement negativity introduced by Vidal and Werner [3] constitutes such an appropriate measure for this purpose which we now proceed to describe in the context of (1 + 1)-dimensional CFTs.
Entanglement negativity in CF T (1+1)
In order to define entanglement negativity in (1 + 1)-dimensional CFTs it is required to consider the partition A 1 ,A 2 and A c such that A 1 and A 2 correspond to finite intervals [u 1 , v 1 ] and [u 2 , v 2 ] of lengths 1 and 2 respectively whereas, A c represents the rest of the system. Let ρ A denote the reduced density matrix of the subsystem A = A 1 ∪A 2 such that ρ A = ρ A 1 ∪A 2 which is obtained by tracing out the full density matrix ρ over the part A c , i.e. ρ A = T r A c (ρ). As mentioned earlier in the Introduction the entanglement negativity is then given as eq.(3). The authors in [7] employed the replica technique to show that the entanglement negativity E for (1 + 1)-dimensional CFTs may be expressed as follows
where, the trace norm is required to be evaluated as an analytic continuation of a sequence {n e } where n e is an even number to the replica limit n e → 1 and ρ = ρ A∪A c corresponds to the full density matrix. The mathematical details of the transition from a tripartite configuration (A 1 , A 2 , A c ) to a bipartite configuration (A, A c , ¡ 0) are reviewed in the Appendix. It follows that the entanglement negativity for (1 + 1)-dimensional CFT at zero temperature is obtained through the replica limit of a certain two point function of the twist and anti-twist fields evaluated at the end points of the subsystem-A under consideration i.e
where T ne/2 and T ne/2 correspond to the twist and the anti twist fields respectively with scaling dimensions (∆ ne/2 ) given as
Substituting the well known form for the two point function under consideration in eq. (13) one arrives at the following result
The result matches with the expectation from quantum information theory that the entanglement negativity is the Rényi-entropy of order half at zero temperature. Furthermore, the authors also showed that at a finite temperature when the system is in a mixed state, the entanglement negativity is related to a certain four point function of the twist and the anti-twist fields as follows
where the subscript β indicates that the above four point function has to be computed for a finite temperature as described earlier on an infinite cylinder with circumference β. The scaling
ne ) of the operator T 2 ne may be related to the scaling dimensions (∆ ne ) of the operator T ne as follows
Evaluating the four point function given in eq. (16) it could be shown that the finite temperature entanglement negativity in CF T 1+1 may be expressed as
Here c 1/2 and c 1 are constants whose values may be set to unity by choosing a proper normalization for the two-point function of the twist operators (See Appendix for details of the above computations). The function f (x) where x = e −2π /β is a non universal part which remains undetermined in a CF T 1+1 and depends on the full operator content of the theory. For brevity the above eq. (18) may be re-expressed as
corresponds to the entanglement entropy and S th A = πc 3β to the thermal entropy of the subsystem-A. This is an extremely significant result for CF T 1+1 at a finite temperature which illustrates that the negativity E characterizes the upper bound on the distillable entanglement through the subtraction of the thermal contributions. In the next subsection, we discuss the large central charge (c) limit of the above result and its significance in the context of the AdS/CF T correspondence.
Large central charge limit of the entanglement negativity in CF T 1+1
In this section, we discuss the expected behavior of the four point function which corresponds to the entanglement negativity of a single interval in a finite temperature CF T 1+1 mentioned in eq. (19) in the large central charge (c → ∞) limit. To this end consider such a four point function of the primary operators O i inserted at points z i (i = 1, 2, 3, 4) on the complex plane, and their corresponding scaling dimensions denoted by ∆ i . Under the conformal transformation w =
, the four point function may be expanded in terms of the conformal blocks as follows
Here x is the cross ratio given by x = z 12 z 34 z 13 z 24
, h i andh i are the holomorphic and the antiholomorphic scaling dimensions of the operation O i . The summation in the above equation is over all the primary operators O p with scaling dimensions h p andh p . Ψ (h i , h p , x) and Ψ (h i , h p , x) are the corresponding conformal blocks.
In recent years, there have been significant efforts to determine the large central charge limit of the above mentioned conformal blocks, and although there is no rigorous proof there is a strong evidence that these blocks exponentiate in the limit c → ∞ (as long as h i c and hp c are held fixed in this limit) [22, 23] . This exponentiation may be expressed as follows
Note that this result is valid in the large central charge limit alone and there are both perturbative and non-perturbative corrections in O[ The above mentioned technique has been used to investigate the large central charge limit of the entanglement entropy of two disjoint intervals in CF T 1+1 which is also a certain four point function of the twist and the anti-twist fields [23, [27] [28] [29] . In these articles the authors have shown that that the leading large central charge contribution to the corresponding four point function is universal (i.e it is independent of the operator content of the theory) and matches exactly with that predicted from the Ryu-Takayanagi conjecture.
Observe that the above arguments apply to any generic four point function in CF T 1+1 , in particular to the four point function which defines the entanglement negativity in eq. (16). Hence we expect that in the large central charge limit the non-universal term given by the function f (x) in eq. (18) for the entanglement negativity is sub leading and the leading contribution arises from the universal part as expressed below 2
From the above discussion, we therefore expect that it should be possbile to demonstrate by employing the monodromy technique that in the large central charge limit the entanglement negativity for a CF T 1+1 assumes this universal form describing the removal of the thermal contribution and leading to the distillable entanglement. In the context of the AdS/CF T correspondence the large central charge limit essentially describes the large N limit of the boundary CFT through the Brown-Henneaux formula [31, 32] . This leads us to the possibility of a corresponding holographic conjecture for the entanglement negativity in the AdS/CF T scenario. As mentioned earlier, in [21] we(CMS) proposed such a holographic conjecture which exactly reproduces the above result in eq. (22) from a bulk computation which involves a Euclidean BTZ black hole in the AdS 3 /CF T 2 scenario. This we briefly review in the following section.
Holographic prescription for the entanglement negativity
In this section, we review the holographic prescription provided in [21] for the entanglement negativity of a single interval in a finite temperature CF T 1+1 in the AdS 3 /CF T 2 scenario. To begin with let us consider the boundary CF T 1+1 to be partitioned into the subsystem A and its complement A c . We denote B 1 and B 2 as two large finite intervals adjacent to A on either side of it such that B = B 1 ∪B 2 as shown in fig.(1) . As mentioned in section-2, the entanglement negativity is defined in the limit B → A c ( L → ∞) which corresponds to extending the subsystems B 1 and B 2 to infinity. The two point function of the twist fields (T ne , T ne ) in a CF T 1+1 may be expressed as follows 3
where, z ij = |z i −z j | and c ne is a constant. From the AdS/CF T dictionary the two point function on the boundary CF T 1+1 may be related to the length of the geodesic L ij anchored on the points 2 We have shown in an article which is to be shortly communicated that there is significant evidence for the validity of this statement. Also note that for a simpler case of a mixed state described by two adjacent intervals in a CF T1+1 the large central charge result for the entanglement negativity was obtained in [30] which bears out the above assertion. 3 As stated earlier for a the finite temperature case the two point function must be evaluated on an infinitely long cylinder of circumference β = 1/T which may be obtained through the conformal transformation, z → ω = β/2π ln z.
(z i , z j ) and extending into the bulk AdS 2+1 space time as follows
where, R is the AdS radius of the bulk AdS 2+1 space time. From fig. (1) one may identify that Using eq. (24) and eq. (25), the four point function of the twist fields given by eq.(88) in the Appendix, reduces to the following form in terms of the geodesic lengths as
Note the the quantity x ∆
ne may also be expressed in terms of the geodesic lengths as
In the replica limit n e → 1, we have ∆ ne → 0 and ∆ (2) ne → − c 4 such that the four point function given by eq.(26) reduces to the following form
Note that as discussed in the previous section the sub leading non-universal term that depends on full operator content of the theory, given by the function f (x) = lim , where G 3 N is the (2 + 1)-dimensional gravitational constant [33] . Therefore, using eq.(16) and the above mentioned Brown-Henneaux formula one may express the holographic entanglement negativity for the boundary CF T 1+1 at a finite temperature as follows
In the AdS 3 /CF T 2 scenario the Ryu and Takayanagi conjecture relates the geodesic length to the entanglement entropy as shown in eq.(5). This enables us to express the above eq.(29) which describes our holographic conjecture for the entanglement negativity in terms of the holographic mutual information between the pair of intervals (A, B 1 ) and (A, B 2 ) as follows
Choosing the corresponding subsystems as shown in the fig.(1) , the eq.(29) may now be used to compute the finite temperature entanglement negativity of the (1 + 1)-dimensional boundary CFT purely in terms of the bulk quantities. In the next section we will briefly review our results given in [21] where we have demonstrated that the above expression exactly matches with the large-c limit of the entanglement negativity in CF T 1+1 as given in [7] .
In [21] we have demonstrated that the above observations lead to a precise and elegant holographic conjecture for the entanglement negativity of higher dimensional (d >
denote the areas of the co-dimension two static minimal surfaces in AdS d+1 anchored to the subsystems A, B 1 and B 2 respectively, then the holographic entanglement negativity for the subsystem A is given by the following expression
where, G becomes infinitely large and in this limit it reduces to the complement A c . In a later section, using the above mentioned holographic conjecture we will obtain the entanglement negativity for a d-dimensional boundary CFT at a finite temperature which is dual to a Schwarzschild black hole in AdS d+1 bulk space time. It will be demonstrated that the entanglement negativity at finite temperatures exhibits certain universal features independent of the dimensionality. This actually constitutes our main result presented in this article.
Entanglement Negativity in AdS
In this subsection we review the computation of the holographic entanglement negativity of a single interval in the finite temperature CF T 1+1 dual to bulk Euclidean BTZ black hole as described in [21] . According to the AdS/CF T correspondence, a (1 + 1)-dimensional CFT at a finite temperature (T = β −1 ) is dual to Euclidean BTZ black hole at the same Hawking temperature 4 . The metric for this Euclidean BTZ black hole is given by
here, τ E is the compactified Euclidean time (
) and φ is a periodic coordinate. The length of the geodesics in this geometry which are anchored to specific points on the AdS 3 boundary is well known in these Euclidean Poincare co-ordinates [9] . The length L γ of the geodesic that is anchored on the interval γ may be given as
here a is the UV cut-off for the boundary CF T 1+1 , R is the AdS 3 length scale and l γ represents the length of the subsystem-γ. In the AdS 3 /CF T 2 scenario as shown in fig.(1) the geodesic length L γ given by eq.(35) may be identified for the intervals γ = {A, B 1 , B 2 , A ∪ B 1 , A ∪ B 2 }. Using the expression of the geodesic length given by eq.(35) and substituting it in eq.(29), the holographic entanglement negativity for the (1 + 1)-dimensional boundary CFT may be obtained as follows
The above eq.(36) in the limit (L → ∞) reduces to
where we have made use of the previously mentioned Brown-Henneaux formula. Remarkably eq.(37) obtained from the bulk computation using our conjecture, matches exactly with the largec limit of the finite temperature result for the entanglement negativity of a (1 + 1)-dimensional CFT given by eq. (22) . The above expression for the holographic entanglement negativity may be concisely expressed as
Here, S A is the entanglement entropy and S th A is the thermal entropy of the subsystem A. The above expression conclusively demonstrates that the holographic entanglement negativity obtained from our conjecture captures the distillable quantum entanglement for the CF T 1+1 at a finite temperature on the AdS 3 boundary. Having reviewed the application of our holographic conjecture and its consequences in the AdS 3 /CF T 2 example we now proceed to the generic AdS d+1 /CF T d example involving bulk AdS -Schwarzschild black holes. This is described in the next section.
Holographic entanglement Negativity in AdS d+1 /CF T d
In this section we apply our holographic conjecture to a generic AdS d+1 /CF T d scenario to arrive at the entanglement negativity of a subsystem of rectangular strip geometry in a finite temperature boundary CF T d dual to bulk AdS d+1 Schwarzschild black hole. In this case the d-dimensional boundary CF T is bipartitioned into the subsystem A and its complement A c . In analogy with the AdS 3 /CF T 2 case we again consider two large but finite subsystems B 1 and B 2 adjacent to the subsystem A and on either either side of it, such that B = (B 1 ∪ B 2 ) as shown schematically in the fig.(2) . The metric for a AdS d+1 -Schwarzschild black hole with a planar horizon in the Poincare coordinates is given by
where r h is the horizon radius of the black hole with the Hawking temperature T = r h d/4π and x ≡ (x, x i ) are the spatial co-ordinates on the boundary and i = 1..(d − 2). Here we set the AdS length scale R to unity. The holographic entanglement negativity in this case is given by the eq.(33) in terms of the areas of the co dimension two extremal surfaces anchored on the corresponding subsystems and extending into the AdS d+1 bulk geometry (see fig.(2) ) as follows
Here, A γ is the area of the extremal surface anchored to the boundary of the corresponding subsystem (γ) where γ = {A, B 1 , B 2 , A ∪ B 1 , A ∪ B 2 }. Note that as mentioned earlier, I(A, B 1 ) and I(A, B 2 ) are the holographic mutual information between the subsystems (A, B 1 ) and (A, B 2 ) respectively. As is evident from fig.( 2) the subsystem A corresponds to a spatial region on the d-dimensional boundary defined by the coordinates
2 ] where L 2 >> . Similarly, the spatial region describing the subsystems B 1 and B 2 are defined by the coordinates
2 ] respectively such that L >> . Note that from the above the spatial region corresponding to the subsystem A ∪ B 1 is defined by the coordinates Notice that the subsystem A has been chosen to be symmetric along the partitioning direction as shown in the fig.(2) . This leads to the equality of the extremal areas in eq.(41), A B 1 = A B 2 and A A∪B 1 = A A∪B 2 . This identification reduces the expression given in eq.(41) to the following form
The expression for the area of the surface which is anchored to a subsystem in the boundary CF T d dual to a bulk planar AdS d+1 -Schwarzschild black hole is given in [16] as
Extremizing the above area integral leads to the following Euler-Lagrange equation
here, x 1 and x 2 represent the end point of the subsystem under consideration, r c represents the turning point of the extremal surface and the integration variable is given by u = rc r . After integration, the resulting equation may be inverted to obtain the turning radius r c . This may then be substituted in the expression for the area of the extremal surface. The area integral in eq.(43) written in terms of the variable u may be expressed as
The integrals in eq.(44) and eq.(45) are not analytically solvable. Therefore to compute these integrals we adopt the method developed in [16] where the authors employ a certain expansion technique in terms of Gamma functions to compute these integrals order by order. Denoting the turning points of the extremal surfaces whose areas are given as A B 1 , A A and A A∪B 1 to be r c1 , r c2 and r c3 respectively, it is possible to obtain the expression for the subsystem lengths using eq. (44) as follows [16] 
Whereas the expressions for the extremal surfaces A B 1 , A A and A A∪B 1 may be expressed as
It is to be noted that the integral for the area in eq. (45) is divergent and has to be regulated by an infrared cut-off of the bulk (say r in ) which is related to the UV cut-off (a) of the d-dimensional boundary CFT as r in = 1/a [16] . Having performed all the integrals we substitute eq.(49), eq. (51) and eq.(50) in eq.(42) to arrive at the expression for entanglement negativity of the d-dimensional boundary CFT as
Notice that it is required to invert the expressions in eq. (46), eq.(47) and eq.(48) to obtain r c1 , r c2 , r c3 and then substitute those in the above equation to obtain the holographic negativity as a function of the temperature and the length (l) of the subsystem A.
Low temperature regime
In this section, we compute the holographic entanglement negativity of a rectangular strip in the d-dimensional boundary CFT in the low temperature regime. This regime corresponds to the temperature T << 1 which in the bulk translates to the case where the horizon is at a large distance from the turning point r c2 of the extremal surface anchored on the subsystem A. This is equivalent to the condition r c2 >> r h as shown in the fig.(2) . As r h << 1, the expression for the turning point r c2 may be obtained perturbatively employing the technique described in [16] as follows
where b 0 , b 1 are constants given by
We find the area A A by substituting the expression for r c2 given by eq.(53) in the eq.(50) while keeping only the leading and the sub leading terms in (r h ) d as follows
where s 0 and s 1 are given by
The subsystems B 1 and A ∪ B 1 in the boundary CF T d with lengths (L − /2) and L + /2 along the x direction are very large in the limit B → A c (L → ∞). Therefore, the extremal surfaces described by the areas A B 1 and A A∪B 1 will extend deep into the bulk approaching the black hole horizon even at low temperatures i.e., (r c1 ∼ r h ) and (r c3 ∼ r h ). Hence in order to compute the expressions for the areas A B 1 and A A∪B 1 we employ the method developed by the authors in [16] for the case when extremal surfaces approach the black hole horizon as described earlier. Through this procedure we obtain the expression for the turning point r c1 for the extremal surface anchored on the subsystem B 1 as follows
where k 2 is a constant given by 
where, k 1 is a constant defined as
Repeating the above procedure we find the expressions for r c3 and A A∪B 1 from eq.(48) and eq.(51) as follows
Now we substitute the expressions given by eq.(62), eq.(56)and eq.(66) for the extremal areas A B 1 , A A and A A∪B 1 obtained in the low temperature regime, in eq.(42). This leads to the following expression for the entanglement negativity E for the d-dimensional boundary CFT in the low temperature regime.
is the (d − 1)-dimensional volume of the subsystem-A. The above expression for the holographic entanglement negativity in the low temperature regime may be re expressed in a concise form as
In the above expression S A is the entanglement entropy for the subsystem A with strip geometry in the finite temperature CF T d dual to a AdS d+1 -Schwarzschild black hole and S th A =
represents the thermal entropy of the subsystem-A. Remarkably, from the above equation it may be observed that as earlier for the AdS 3 /CF T 2 scenario, in this case also the entanglement negativity captures the distillable quantum entanglement through the removal of the thermal contribution in this regime. This confirms our holographic conjecture for the low temperature regime in the AdS d+1 /CF T d scenario. We now extend our analysis to the high temperature regime in the next subsection.
High temperature regime
At high temperatures, the turning point r c2 of the extremal surface with the area A A approaches close to the black hole horizon which is described by the condition r c2 ∼ r h as shown in fig.(3) . Note that the high temperature regime also implies a large horizon radius (r h ) for the bulk AdS d+1 -Schwarzschild black hole. Following [16] we obtain A A in a near horizon expansion in 2 up to O[ 2 ] by considering r c2 = r h (1 + 2 ) as follows
We now turn to the evaluation of the other two extremal surfaces described by the areas A B 1 and A A∪B 1 . Note that as described earlier these surfaces always probe the near horizon regime both at low and at high temperatures due to the limit B → A c or equivalently L → ∞. Hence we may use the general expression for these extremal areas given in eq.(62) and eq.(66) in the high temperature regime as well. Following this we substitute the areas of all the three extremal surfaces given by eq.(71), eq.(62) and eq.(66) in the expression for the entanglement negativity given by eq(42). This leads us to the expression for the entanglement negativity in the high temperature regime as follows
Observe that as earlier for the low temperature regime we may re express the above equation in the high temperature regime also in the following concise form
From the above expression notice that as earlier for the low temperature regime, the entanglement negativity for the high temperature regime also leads to the distillable quantum entanglement through the removal of the thermal contribution. This indicates that the holographic entanglement negativity for the subsystem A in a generic AdS d+1 /CF T d scenario involving bulk AdS d+1 -Schwarzschild black holes is given by the expression in eq.(73) for all temperatures confirming our conjecture. Naturally the results of the last two sections provide extremely strong evidence for the universality of our conjecture and its relevance to d-dimensional CFTs in a generic AdS d+1 /CF T d scenario.
Summary and Conclusions
To summarize, in this article we have employed the recent holographic conjecture proposed by us (CMS) in [21] to evaluate the entanglement negativity of d-dimensional conformal field theories at finite temperatures dual to bulk AdS d+1 -Schwarzschild black holes in a generic AdS d+1 /CF T d scenario. Our conjecture relates the entanglement negativity to a certain algebraic sum of the areas of co dimension two extremal surfaces in the bulk geometry anchored on different subsystems in the boundary CFT which is equivalent to the sum of the holographic mutual information for the corresponding subsystems. In [21] we had shown in the context of the AdS 3 /CFT 2 scenario that the entanglement negativity computed through our prescription precisely captures the distillable quantum entanglement at all temperatures by the subtraction of the thermal contribution. Remarkably we have demonstrated in the context of our holographic conjecture that this feature is also valid for the entanglement negativity of d-dimensional CFTs at finite temperatures dual to AdS d+1 -Schwarzschild black holes. Hence this provides extremely strong evidence for the universality of our holographic conjecture for d-dimensional CFTs at finite temperatures. Naturally our conjecture for the entanglement negativity has significant implications in diverse fields such as quantum information theory, condensed matter physics and the information loss paradox for black holes. This significance arises from the fact that the entanglement negativity for the d-dimensional boundary CFTs at finite temperatures dual to AdS d+1 -Schwarzschild black holes computed through our conjecture clearly captures the distillable quantum entanglement involving the removal of the thermal contribution.
As mentioned earlier the issue of the purification leading to the distillable quantum entanglement is of central importance in the subject of quantum information theory recently. Our results presented in this article lead to a clear elucidation of this significant issue and constitutes a crucial and important contribution in the discipline which has witnessed intense research focus in the recent past. Furthermore it is also well known that the entanglement negativity is related to the topological order and topological entanglement in diverse condensed matter systems. Evidently our precise holographic prescription for this quantity would be of significant import in the investigation of such critical issues in condensed matter physics in the context of the AdS condensed matter theory (AdS/CM T ) correspondence. In fact it may be of crucial significance in the effort to obtain a theory of high temperature superconductivity and in the study of quantum phase transitions, quantum quenches and thermalization which involve entanglement evolution. It is also well known that entanglement entropy and mutual information have played a important role in the investigation of the information loss paradox and the associated black hole firewall problem. Interestingly, our conjecture directly relates the entanglement negativity and the associated distillable quantum entanglement with the holographic mutual information. Naturally, this indicates that our proposed conjecture should also have significant implications for the Information Loss Paradox and the black hole firewall problem. We hope to return to these interesting issues in the near future.
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here, ρ A = T r A c (ρ) is reduced density matrix and the superscript T 2 represents the operation of the partial transpose on this reduced density matrix ρ T 2 A as described in eq. (2) . Note that for extended quantum many body systems like quantum field theories just as for entanglement entropy the computation of the entanglement negativity involves an infinite dimensional density matrix. Hence, the application of the above formula for the entanglement negativity becomes problematic. However, for CF T 1+1 this issue may be addressed in the framework of the replica technique proposed in [7] mentioned earlier. Using this technique the authors were able to compute the entanglement negativity for a CF T 1+1 by relating it to the quantity T r(ρ T 2 A ) n . Their procedure for obtaining the entanglement negativity is based on the equality between T r(ρ A ) n and the following four point function of the twist and the anti-twist fields
In this regard, the operation of the partial transpose (ρ
A ) of the reduced density matrix ρ A has the effect of exchanging upper and lower edges of the branch cut along the interval A 2 on a n e -sheeted Riemann surface. Thus the quantity T r(ρ T 2 A ) n may be expressed in terms of the four point function of the twist and the anti-twist fields as
It is to be noted that T r(ρ
A ) depending on parity of n. Therefore, the required expression for the entanglement negativity may be obtianed as an analytic continuation of the even sequences to n e → 1 (n = n e (even)) [7] . Thus, by making use of the replica technique given in eq.(76), the authors defined the entanglement negativity between two disjoint intervals in a CF T 1+1 as
A.1 Entanglement negativity of a bipartite system in a pure state
Here we explain the systematic method developed by the authors in [5, 6] in order to obtain the entanglement negativity of a single interval in a CF T 1+1 when the extended quantum system under consideration is a bipartite system in a pure state. In order to reduce a tripartite system (A 1 , A 2 , A c ) to a bipartite configuration (A, A c , ¡ 0) where ¡ 0 is the null set, the authors make the identification u 2 → v 1 and v 2 → u 1 in eq.(77) such that the interval corresponding to the subsystem A is now a single interval denoted by [u, v] . With this identification, the correct form for the entanglement negativity of the subsystem A is given in terms of the two point function of the twist and the anti-twist fields as
where, ρ = ρ A∪A c corresponds to the density matrix of the full system. In order to compute the two point function given in the equation above, the authors in [7] use the fact that the operator T 2 j connects the j-th sheet of the Riemann surface to the (j + 2)-th sheet . When the parity of n is even i.e n = n e , the n e -sheeted Riemann surface dissociates into two n e /2 sheeted Riemann surfaces which simplifies the expression for the entanglement negativity in eq.(78) as follows
here the scaling dimension-∆
ne of the operator T 2 ne is related to the scaling dimension-(∆ ne ) of the operator T ne as
Since the form of the two point function in eq.(79) is fixed in a CF T 1+1 , it follows that the expression for the entanglement negativity is given as follows
where, =| u − v | is the length of the subsystem-A and a is the UV cutoff for the (1 + 1)-dimensional conformal field theory. From the above discussion one may observe that at zero temperature the entanglement negativity is equal to the Rényi entropy of order-1/2 which is a well known result for a bipartite system in a pure state [3, 6] .
A.2 Entanglement negativity of a bipartite system in a mixed state
In this section, we review the procedure for the computation of entanglement negativity of an extended bipartite system in a mixed state corresponding to a finite temperature CF T ( 1 + 1) developed by the authors in [7] . Note that the method for obtaining the finite temperature entanglement negativity is subtle and the authors in [7] demonstrated that the naive application of eq. (79) is incorrect. The reason for this subtlety may be associated with the fact that the decoupling of the n e sheeted Riemann surface into two n e /2 sheeted Riemann surfaces leads to a simplified expression for the entanglement negativity given by eq.(79). The authors showed that this simplification is suitable only for the pure state scenario when the CF T 1+1 is on the complex plane. For the finite temperature case where the CF T 1+1 is considered on an infinitely long cylinder the expression in eq. (79) is unsuitable to compute the entanglement negativity. The authors in [7] noted that unlike the zero temperature case the four point function does not factorize into the square of two-point function given in eq. Here, it is also to be noted that in order to get the correct result from eq.(82), the limit (L → ∞) should be applied only after taking the replica limit (n e → 1). The subscript β indicates that at finite temperatures it is required to evaluate the four point function in eq.(82) on an infinitely long cylinder of circumference β = 1/T . This cylindrical geometry may be obtained from the 2-dimensional complex plane by the following conformal transformation
where, z denotes the coordinates on the complex plane and ω denotes the coordinates on the cylinder. Under the conformal transformation given by eq.(83), the required four-point function of a CFT 1 +1 on the infinite cylinder is related to the four point function on the complex plane as follows 
here z (w j ) = dz dw z=w j and ∆ j is the scaling dimension of operator at w j . The form of the four point function on the complex plane is given as follows 
In the above equation the z i 's correspond to arbitrary complex numbers such that z ij = |z i −z j | with . standing for the expectation value. From eq.(85) it may be observed that the four point function is only fixed up to an undetermined function G ne (x) of the cross-ratio x. The cross ratio x of the four points has two limits x → 0 and x → 1, which correspond to high and low temperature limits respectively [7] . The behaviour of the four point function mentioned above at low and high temperatures may be obtained through the OPE of T ne (u)T ne (v), T 2 ne (u)T 
Here c ne and C ne are constants that appear as the coefficients of the leading term in the OPE of the two point functions T ne (u)T ne (v) and T ne (u)T 
where, c ne and c 2 ne/2 are constants. Following [7] , one may also obtain the constraints on the function F ne (x) in the two limits x → 1 and x → 0 as follows 
Rewriting z i 's in eq.(88) in terms of the required coordinates on the infinite cylinder i.e (z 1 , z 2 , z 3 , z 4 ) → (e −2πL/β , e −2π /β , 1, e 2πL/β ) and then using the transformation given by eq.(84) one may obtain the required four point function. Thus, the entanglement negativity of a mixed state described by a single interval in a finite temperature CF T 1+1 due to Calabrese et al. [7] may be written down as follows 
The function f (x) in the above expression is defined in the replica limit (n e → 1) as follows 
It is to be noted that the second term in the eq.(90) corresponds to the thermal entropy of the subsystem A up to a numerical factor. Therefore, eq.(90) clearly indicates that the entanglement negativity characterizes the distillable entanglement of a mixed state described by a single interval in a finite temperature CF T 1+1 through the elimination of the contribution from the thermal correlations.
